We demonstrate that the very extended G +++ group element of the form gA = exp (− 1 (β,β) ln N β · H) exp((1 − N )E β ) describes the usual BPS, electric, single brane solutions found in G
Introduction
Very little is known about M theory itself, but investigations of the associated supergravity theories are beginning to reveal some of its underlying symmetry. Study of the properties of the eleven dimensional supergravity theory has lead to the recent conjecture [1] that M theory possesses an E 11 Kac-Moody symmetry. Indeed it was argued [1] that an extension of eleven dimensional supergravity should possess an E 11 symmetry that was non-linearly realised. A benefit of this approach is that the symmetries found when the eleven dimensional supergravity theory was dimensionally reduced are natural occurrences of there being an E 11 symmetry in the eleven dimensional theory.
The same analysis was applied to the IIA and IIB supergravity theories which were conjectured to be part of a larger theory which also possessed an E 11 symmetry [1, 2] . This is consistent with the idea that the type II string theories in ten dimensions and an eleven dimensional theory are part of a single theory called M theory. Indeed their common E 11 origin provides an explicit relation between the type IIB theory in ten dimensions and the eleven dimensional theory which are not related by dimensional reduction [3] .
Arguments similar to those advocated for eleven dimensional supergravity in [1] were proposed to apply to gravity [4] in D dimensions, the effective action of the closed bosonic string [1] generalised to D dimensions and the type I supergravity theory [5] and the underlying Kac-Moody algebras were identified. It was realised that the algebras that arose in all these theories were of a special kind and were called very extended Kac-Moody algebras [6] . Indeed, for any finite dimensional semi-simple Lie algebra G one can systematically extend its Dynkin diagram by adding three more nodes to obtain an indefinite Kac-Moody algebra denoted G +++ . In this notation E 11 is written as E +++ 8
. The algebras for gravity, the closed bosonic string, and type I supergravity being A +++ D−3 [4] , D +++ D−2 [1] and D +++ 8 [5] respectively. The Dynkin diagrams for the very extended algebras considered in this paper are given in Appendix B.
It was proposed in [1, 4, 5, 6] and [7, 8, 9, 10] , that the non-linear realisation of any very extended algebra G +++ leads to a theory, called V G in [9] , that at low levels includes gravity and the other fields and it was hoped that this nonlinear realisation contains an infinite number of propagating fields that ensures its consistency. Indeed, it has been shown [9] that the non-linear realisation of any of the very extended algebras G +++ leads to a theory that contains gravity, gauge fields of various rank and possibly a dilaton at low levels.
If one dimensionally reduces a supergravity theory on a torus to D = 3 one obtains a generic theory containing gravity, gauge fields of various rank and possibly a dilaton that is described by the properties of its scalars. A non-trivial field strength in three dimensions may have at most two indices making it the dual of the field strength derived from the scalar. In some cases these scalars belong to a non-linear realisation of some finite dimensional Lie group, G. A set of theories whose dimensional reductions to three dimensions yielded every possible G was found in [11] . The maximally oxidised theories corresponding to G are those in the highest dimension, D, such that upon dimensional reduction to three dimensions one finds the scalars belonging to the non-linear realisation G [11] . Reference [4] considered the dimensional reduction of certain theories containing gravity, gauge fields of various rank and a dilaton and found that only for very specific couplings did the scalars belong to a non-linear realisation of G and in all cases these couplings were oxidised theories. Indeed a correspondence between the low-level fields in the adjoint representation of G +++ and the maximally oxidised theory associated with G has been demonstrated in reference [9] .
There is a very substantial literature on brane solutions in supergravity and, indeed, in a generic theory consisting of gravity, gauge fields of various rank and a dilaton we will find that our equation (1) encodes the electric brane solutions found in these theories [12, 13] . The solutions for the oxidised theories mentioned above were considered in [8] .
It was shown in [3] that the usual BPS solutions of the type IIA and type IIB ten dimensional supergravity theory and the eleven dimensional theory possess a general formulation in terms of E 11 group elements, namely, exp(− 1 2 ln N β · H) exp((1 − N )E β ). The form of this expression makes it a simple process to write down any solution from a particular E 11 group element, and vice-versa.
In this paper we generalise the result of [3] so that it may be applied to any G +++ algebra. We find that the group element takes the general form
Where N is a harmonic function and (β, β) is the norm squared of the root whose corresponding generator is E β , when the squared length of the roots on the gravity line have been normalised to two. For the cases where (β, β) = 2 the group element becomes that given in [3] .
In section 2 we demonstrate the use of equation (1) for the simply-laced group D +++ n−3 and deduce the usual BPS solutions, while in section 3 we apply the method to the non-simply laced groups B +++ n−3 and F +++ 4 . Each of the G +++ theories we consider in this paper has a pp-wave solution arising from the gravity sector but their derivation does not differ significantly from those given in [3] and are not calculated in this paper. Finally, in section 4 we consider some of the consequences of this result in relation to brane solutions emerging from the higher order content of the G +++ theories. In Appendix A we give the application of the solution to the remaining very extended groups, with the exception of C +++ n , and the relevant very extended Dynkin diagrams are given in Appendix B.
Kac-Moody Algebras
A Kac-Moody algebra is constructed from its Cartan matrix, A ab 1 and the Chevally generators. A Cartan matrix A ab is given in terms of the simple roots, α a , of an algebra as
Where (α a , α b ) is the Kac-Moody generalised Killing form acting on the corresponding elements of the Cartan sub-algebra. The diagonal elements of A ab are all 2 and the off-diagonal elements are negative integers, with the zeroes being symmetrically distributed such that
The generators associated with positive simple roots are labeled E a = E αa and those associated to negative simple roots F a ≡ E −αa . A Kac-Moody algebra is then uniquely constructed from the commutators of E a , F a and the Cartan sub-algebra generators, H a , subject to the following Serre relations
In the final line there are (1 − A ab ) E a 's in the first equation and the same number of F a 's in the second equation.
The Kac-Moody algebra may also be formulated in the Cartan-Weyl basis from H i , E a and F a , where H i is related to the Cartan sub-algebra by
Constructing the Algebra
Any G +++ belongs to a class of Lorentzian Kac-Moody algebras considered in [6] . These algebras have the property that their associated Dynkin diagram possess at least one node which upon the deletion leads to component diagrams which are of finite type except for at most one of affine type. The authors of [6] have studied the properties of the Lorentzian algebras in terms of the algebra associated with the Dynkin diagram that remains after the node deletion. In this paper we may sometimes wish to delete more than one node from some Dynkin diagrams in such a way that the remaining diagram is an A n diagram. The remaining A n sub-algebra gives rise to the gravity sector and is indicated in Appendix B on the Dynkin diagrams for the relevant G +++ by solid nodes, we refer to these roots as the gravity line. We use this remaining sub-algebra to investigate the Kac-Moody algebra, G +++ . Our generators therefore appear in an SL(n) sub-algebra and are classified by the level at which they arise in the decomposition from the very extended algebra. In this paper the level is the coefficient, or coefficients, of the simple roots that are eliminated from the very extended algebra to obtain a finite SL(n) sub-algebra. Any root, α, may be expressed as a sum of simple roots α = a n a α a where a runs over the simple roots of the very extended algebra. If the SL(n) sub-algebra is formed by removing simple root c then α is a level n c root; if roots c and d are removed then α has level (n c , n d ) and so on.
By definition a Kac-Moody algebra is the multiple commutators of the simple root generators, E a and separately those of F a , subject to the Serre relations (4). However as a matter of practise this is very difficult to carry out, in this section we explain how to construct the G +++ algebra using the tables of low-order generators in [9] . If we consider two A n representations with root coefficients (a 1 a 2 . . . a n ) and (b 1 b 2 . . . b n ) then their commutator has a root which is the sum, i.e. it has root coefficients ((
The Borel sub-algebra is formed from the Cartan sub-algebra generators, H a , where a = 1 . . . n, the positive root generators, K a b , where a < b and a, b = 1 . . . n, and the generators, R a1...an b1...bm which arise from our decomposition of G +++ . The generators of the Cartan sub-algebra are constructed from the K a a generators where a = 1 . . . n and a dilaton generator, which we label R 0 , although some of the theories we are interested in have no so-called "dilaton". The dilaton generator is so called because it leads to a dilaton scalar field in a non-linear realisation. The K a b and R a1...an b1...bm obey the commutation rules
Where the second equation includes a contribution from the trace of K a b , which is really a GL(n) generator.
Let us make use of the following notation for a generic commutator
The s labels are the levels associated with the elimination of one of the simple roots in theories where the decomposition involves the elimination of more than one simple root. It is used to differentiate different types of generators, and can be simply read off from the root. We define which root is associated with the s labels in each of the G +++ that we consider. In G +++ theories where only one root is eliminated the s label is redundant and will be dropped.
Some general restrictions on c s1,s2 a,b are determined from the general Jacobi identity, where we simplify our notation so that the figure in square brackets is the number of antisymmetrized indices on each operator 
Having commenced with the generators associated with the simple roots, we construct new generators by taking their commutators as we proceed. Subsequently by taking a commutator with a third generator we find restrictions on our commutator coefficients, c s1,s2 a,b , using the Jacobi identity given above.
We will be particularly interested in finding how the dilaton commutes with other generators, which is denoted by R
[a] s1 = R 0 to be the dilaton generator.
The dilaton generator appears as a member of the Cartan sub-algebra, so it doesn't change the A n representation of the operator it commutes with. Of particular use are the following specific cases of (8) 
These relations allow us to find all the commutators with the dilaton, R 0 , up to low orders, and we only need to specify one unknown which we choose to be (c
2 Similar recursive commutator relations can be found for higher order generators by considering s labels which are greater than one in equation (8) .
Let us consider the example of F +++ 4 to demonstrate how we build the algebra. The low order generators of F +++ 4 are given in reference [9] and we list them here with their associated root coefficients in brackets after them. 
We make use of this bracket notation throughout this paper, it is simply a list of the coefficients n a when a root, α, associated with a particular generator, is written as a positive sum of simple roots α = a n a α a , for example (0000121) corresponds to the root α = α 5 + 2α 6 + α 7 .
The seven generators associated with the simple roots are E a = K a a+1 for a = 1 . . . 5, E 6 = R 6 0 and E 7 = R 1 . The subscript s labels are the levels corresponding to the simple root R 1 . We read off the following commutation algebra this is E 7 , which can be seen in Appendix B on the Dynkin diagram.
relations for the dilaton R 0 with the other generators from the root coefficients 
We fix c 0,1 0,0 to be
and obtain the relations given later in equation (89). Other commutators can easily be found using the table of roots given in [9] together with the Jacobi identity (8) and the Serre relations (4).
Highest and Lowest Weights in G +++ Theories
In any finite dimensional semi-simple Lie algebra G the highest weight Λ H and lowest weight Λ L of any representation are related by the formula Λ L = −S 0 Λ H where S 0 is the longest element of the Weyl group of G. We recall that any Weyl group element S can be expressed as a product of Weyl group elements S a = S αa corresponding to the reflections in the simple roots α a of G. There are a number of ways to write any S involving different numbers of S a , but there is obviously always a way that involves the smallest number of S a 's. This smallest number of S a 's required is called the length of the Weyl group element S. It turns out that the Weyl group element with the maximum length is unique and this is the one that relates the highest and lowest weights. The Weyl group element S b acts on the simple roots by
and on the elements of the Cartan sub-algebra
Hence the transformation of the the Cartan sub-algbra elements by the longest element of the Weyl group is given by
For A n the action of the Weyl group on the Cartan sub-algebra is given by
In terms of the generators K a b of A n the Cartan sub-algebra elements are given by H a = K a a − K a+1 a+1 and the effect of the Weyl group element S a is
all other elements being left inert. The longest Weyl group element of A n is given by
In this paper we will consider the generators of G +++ decomposed level by level in terms of representations of A n for suitable n. The highest A n weight generators in G +++ and their G +++ roots are listed in reference [9] . The highest A n weight generators have SL(n + 1) indices that that are the highest possible. For example, the generator R a belong to the one rank tensor representation of SL(n + 1) and the generator corresponding to the highest A n weight is R n+1 . The generator corresponding to lowest A n weight is proportional to R 1 and one can verify that the highest and lowest A n weights are indeed related by the action of S 0 .
As we are dealing with a non-linear realisation each generator in Borel subalgebra is associated with a field. However, we will be interested in electric branes which couple to fields with a 1 index and so correspond to lowest A n weight generators in G +++ . In equation 1 we will also require the G +++ root and associated Cartan sub-algebra element that corresponds to the lowest weight of A n . We can find this using the action of S 0 as described above. The reader may verify that this has the same effect as applying K a b generators to the generators of G +++ to go between the highest and lowest A n weight generators.
Solutions in Generic Gravity Theories
There is a very substantial literature on brane solutions in generic supergravity theories [12] , for a review see [16, 17] . We use the notation of [16] to express the general equations of motion, line element and dilaton that arise from a theory containing gravity, gauge fields of various rank and a dilaton. The generic action integral is
Where D is the dimension of the background spacetime, a i is the dilaton coupling constant and F ni is a general n i -form field strength. The equations of motion coming from this general action are
A theory containing such field strengths, F ni , has conserved charges which are associated with (n i − 2)-branes, and their dual field strengths are associated to (D − n i − 2)-branes. A BPS p-brane solution with arbitrary dilaton coupling has line element
, a i is the dilaton coupling constant of the associated field strength, F ni , and N p is an harmonic function taking the form
Where Q is the conserved charge associated with the p-brane solution, and
We are able to read from any given line element the value of the dilaton coupling constant, a i , to within a minus sign. The associated dilaton, for coupling constant a i , is
A second brane solution is associated with the dual of the field strength that gives rise to the p-brane solution. This is a (D − p − 4)-brane, where the dilaton coupling constant, −a i , is now the negative of that for the p-brane. We find that for the (D − p − 4)-brane
And the line element for the brane associated with the dual field strength is
Ensuring that the line elements are related as (21) is to (25) and confirmation of a change of sign in the power of the harmonic function N in the dilaton, as between (23) and (26), enables us to recognise which field strengths are dual to each other in the G +++ considered in this paper.
The Dilaton Generator
Equation (1) plays a central role in our work and may contain the dilaton generator, R 0 , through β · H for particular algebras. The non-linear realisation allows us to write down the most generally covariant field equations for the field content arising from a particular G +++ in which the dilaton field, A appears within a factor in the field strength. The procedure for finding the field equations is given in [2, 1, 18] and, using the above commutator relations, in the non-linear realisation of G +++ the field strengths take the form
Where "+ . . ." indicates terms which are not total derivatives but have the correct number of indices and within which the sum of s labels matches the s label of the field strength.
The required dual field strength in the non-linear realisation is found to take the form
Where D is the number of background spacetime dimensions, and we construct the remaining field strengths similarly. Having constructed the field strengths for a particular theory, we follow the process in [2, 1, 18] and write down the equations relating a field strength and its Hodge dual, which take the general form * F a1a2..
Where the Hodge dual is indicated by *, and ǫ a1a2...aD is the usual completely antisymmetric tensor.
We then substitute our expressions for F a1a2...ap s1 and F a1a2...aD−p s2 into this equation. The second order field equations are obtained by bringing all factors containing the dilaton field e kA together as a coefficient of the field strength appearing in the Lagrangian and differentiating the equation. Any total derivatives vanish by the Bianchi identity and we obtain an equation of the form * ∂ a1 (e
The "+ . . ." correspond to the non-total derivative terms coming from our non-linear formulation of the field strengths. The coefficient of the total derivative on the left-hand-side is now exactly that which appears in a Lagrangian formulation of this system, where the field strength is just the total derivative, d a1 A a2...ap . These considerations are useful in making comparisons with the literature, in particular with [11] . The reader may see a fully worked example of this method for D +++ n−3 in section 2.
Simply Laced Groups
A simply laced group has simple roots which all have the same length, here our roots are normalised such that (α a , α a ) = 2.
Very Extended
is the symmetry underlying the effective action of the bosonic string theory [1] , and the analogous n-dimensional generalisation is D +++ n−3 [1, 7] , these are maximally oxidised theories. The Dynkin diagram for D +++ n−3 is shown in Appendix B, where the solid nodes indicate the gravity line we shall consider, which is an A n−2 sub-algebra.
We decompose the D +++ n−3 algebra with respect to its A n−2 sub-algebra, the simple roots whose nodes we delete are α n−1 and α n , as enumerated in Appendix B and we associate the levels l 1 and l 2 with these respectively. Our s labels are chosen to be the l 2 level that the generator appears at. We find the generators K a b at level (0, 0), corresponding to the A n−2 sub-algebra of the gravity line, and the following other generators up to level (1, 1)
The so-called dual to gravity R a1a2...a (n−4) ,b 1
is listed amongst our low-level generators for completeness but it is not as well understood as the other listed generators and we will not consider it here, nor throughout this paper in any of the G +++ theories that we consider, as a starting point generator for finding the encoded brane solutions via (1) . Each of the generators is associated with a root, β, such that (β, β) = 2 except for the dilaton generator R 0 and the generator R a1a2...a (n−3) 1 , for which (β, β) = 0. That (β, β) = 0 for these generators means that we cannot commence with the generators R 0 and R a1a2...a (n−3) 1 and use the group element in equation (1) to deduce an electric brane associated with them, as we would have a singularity coming from the 1 (β,β) for these generators. As such they are discarded as starting points for our method, as are all such generators which possess such a singularity in equation (1).
We make use of the following commutators, where we have chosen the coefficient 24 D−2 in keeping with [1] and the other commutator has been determined from the Serre relations (4)
The simple root generators of D +++ n−3 are
and the Cartan sub-algebra generators, H a , are given by
The low-level field content [9] isĥ a b , A, A a1a2 and their field strengths have duals derived from A a1...an−4,b , A a1...an−3 , A a1...an−5 respectively. Our choice of local sub-algebra for the non-linear realisation allows us to write the group element as
The field content of the associated maximally oxidised theory given in [11] agrees with the low-order D +++ n−3 content given above. The Lagrangian for the oxidised theory, contains a graviton, φ, a dilaton, R 0 , and a 3-form field strength, F µνρ , and is given by
We now demonstrate the use of the group element given in equation (1) in finding the electric branes of D +++ n−3 from the generators listed in equation (31). We find the following electric branes A String We commence by setting β in (1) to be the root associated with the generator, R (n−2)(n−1) 0 (00 . . . 010), the highest weight in the R a1a2 representation, corresponding to the field A a1a2 in [9] . Our motivation is to find the usual BPS electric branes that emerge using the group element given. As such we wish to work with representations that have a time-like index, which we may obtain from our highest weight via multiple commutation with the appropriate K a b generators such that all the indices on our operator are lowered to the lowest consecutive sequence of indices, including the time-like index. This has the consequence of finding the lowest weight generator in a particular representation. Our corresponding lowest weight in this representation is R 12 0 (12 . . . 210). The Cartan sub-algebra element associated with this lowest weight is found by using the root coefficients of the lowest weight, (12 . . . 210), as coefficients of the Cartan sub-algebra elements associated with each root in the expansion of β · H so that
We now substitute equation (37) into our group element given in equation (1), noting that as D +++ n−3 is a simply laced group (β, β) = 2. The corresponding group element is
Where we have moved the generator associated with the dilaton, R 0 , to the right so that it agrees with the structure of the group element from which the non-linear realisation is constructed in equation (35). We make use of [R 0 , R ab 0 ] in equation (32) to do this and by examining the resulting R 0 term we find a dilaton which is given by e A = N 
By reading off the coefficients of the K a a in the group element we find a line element corresponding to a string
The brane is derived from a gauge potential which we can also read off from equation (38) as the coefficient of E β
This has tangent space indices, which we indicate with a T . To make the change to world volume indices we use the vierbein which we deduce from equation (40),
and find
This gives rise to a 3-form field strength, which we label F µνρ 0 .
An (n−6) Brane Let us consider the representation R a1a2...an−5 , corresponding to the field A a1a2...an−5 in [9] whose highest weight generator is R (00 . . . 01). We take β in equation (1) to be the root associated with the highest weight generator. The lowest weight generator in the representation is R (1234 . . . 432101) and the corresponding element in the Cartan sub-algebra is
Substituting this into equation (1), recalling that (β, β) = 2, we find the corresponding group element is
Where in the last line we have made use of
], given in equation (32) to move the dilaton generator, R 0 , to the far right of the expression in agreement with the group element from which the non-linear realisation is constructed (35). By examining the R 0 term we find a dilaton given by
And a line element corresponding to an electric (n − 6)-brane
The brane is derived from a gauge potential
We use (eĥ)
and make the change to world volume indices
Where we have used D = n − 1 to get to the second line. This gauge potential is associated with an (n − 4)-form field strength which we conclude is the dual of F µνρ 0 .
We have have successfully reproduced all the usual BPS electric branes using the group element given in equation (1) . The formulae we have found above do indeed correspond to the solutions of the Lagrangian (36), and agree with [12] .
Let us now consider a fully worked example of the method outlined in section 1 to find a relation between our dilaton generator A and φ. We have found the gauge potentials
a1a2 and A
a1...an−5 and we have one 3-form field strength appearing in the Lagrangian of equation (36). Using equation (27) we write down the most general equation for the 3-form field strength
Its dual is an (n − 4)-form field strength which is most generally
These are related by duality giving * F a1a2a3
Substituting equations (49) and (50) into equation (51) yields * (3e
(52) If we bring the exponentials of A together on the left-hand-side with the 3-form and differentiate we obtain
Where the right-hand-side has vanished under differentiation by the Bianchi identity. The commutation of H n−1 given in equation (34) 
Substituting this identity into our field equation (53) gives
We have fixed our structure constants such that c 0,0 0,2 = 24 D−2 in accordance with reference [1] and by comparison with (36) we find that
We apply the method to E +++ 6
and E
+++ 7
in Appendix A and show similarly that the low order field content derived from the group element (1) matches the field content given in reference [11] for the corresponding oxidised theories.
Non-Simply Laced Groups
The general method is slightly less straightforward for non-simply laced groups in that it becomes possible for the roots we find from the group theory to have a norm squared that differs from two.This difference manifests itself in two places. The first arises when we find the element in the Cartan sub-algebra corresponding to the lowest weight in a representation, at this point we must be wary of equation (5) which indicates that we don't have an identity between the root coefficients and the Cartan sub-algebra coefficients but a proportionality factor of (α,α) 2 . So that, for example, an element of the Cartan sub-algebra corresponding to a root with norm squared half that of the gravity line has an additional factor of 1 2 in front of it. The second place we must be wary of the varying size of the simple roots comes when we make use of the group element where we must remember to put in the correct value of (β, β) for the generator we are considering.
Very Extended B n−3
The Dynkin diagram for B +++ n−3 is shown in Appendix B, where the solid nodes indicate the gravity line we shall consider, which in this case is an A n−2 subalgebra.
We decompose the B +++ n−3 algebra with respect to its A n−2 sub-algebra by deleting the nodes corresponding to the simple roots α n and α n−1 which have generators R 56...(n−1) 1 (00 . . . 01) and R ( 0 n − 1)(00 . . . 10) respectively. We associate the levels l 1 and l 2 with these respectively and the s labels on our generators are chosen to be the l 1 level of that generator. From reference [9] we find the B have associated roots β such that (β, β) = 1, the rest and the gravity line nodes have (β, β) = 2, with the exception of the dilaton generator R 0 and the generator R a1a2...a (n−3) 1 which have (β, β) = 0. We cannot apply our method to R 0 and R a1a2...a (n−3) 1 so they are discarded as starting points when we come to find the electric branes from the generators.
We make use of the following commutator relations where we have chosen the commutator coefficient of [R 0 , R a1 0 ] and the rest have followed from the relations (9)-(12) and the Serre relations (4)
We note from content of the table given in [9] for B +++ n−3 that no higher order commutators are needed.
The simple root generators of B +++ n−3 are
and the Cartan sub-algebra generators, H a are given by
The low-level field content [9] 
exp(
The field content of the associated maximally oxidised theory given in [11] agrees with the low-order B +++ n−3 content given above. The Lagrangian for the oxidised theory, containing a graviton, φ, a 2-form field strength, F µν 0 , a 3-form field strength, F µνρ 0 and a dilaton, R 0 , is
We now demonstrate the use of the group element (1) to generate all of the usual BPS electric branes of B +++ n−3 starting from the generators given in equation (57). We find the following electric branes A Particle We wish to find the electric brane associated with the representation R a 0 that has highest weight generator R (n−1) 0 (00 . . . 010), and so we set β in equation 1 to be its corresponding root. We note that (β, β) = 1. The lowest weight generator in the representation is R 1 0 (11 . . . 110). To find the corresponding element in the Cartan sub-algebra we observe from Appendix B that only the root corresponding to the (n − 1)th node does not have norm squared equal to two. Indeed (α n−1 , α n−1 ) = 1, so from equation (5) we see that we have to effectively halve the H n−1 generator contribution when we find β · H from the root coefficients, α i , so that
By substituting (63) into equation (1), and bearing in mind that (β, β) = 1 for R 1 0 , we find the corresponding group element is
In the last line we have made use of [R 0 , R a1 0 ] from equation (58) to move the dilaton generator to the far right so that it agrees with the group element from which the non-linear realisation is constructed. By examining the R 0 term we find a dilaton given by
And a line element corresponding to a particle
The particle is derived from a gauge potential
We complete the change to world volume indices using (eĥ)
This gives rise to a 2-form field strength, which we label F µν 0 .
An (n − 5) Brane Proceeding in the usual manner we find the electric brane associated with the representation R (1234 . . . 43211) and the corresponding element in the Cartan sub-algebra is, recalling that the root associated with the (n − 1)th node of the Dynkin diagram is short, being half the length of the other roots,
We note that (β, β) = 1 and substitute this expression into equation (1) to find that the group element for the generator R 
We find a dilaton given by
And a line element corresponding to an (n − 5)-brane
We use (eĥ) 
This gives rise to an (n − 3) form field strength, which we interpret to be the dual of F µν 0 .
A String We wish to find the electric brane associated with the representation R a1a2 0 with the highest weight generator R (n−2)(n−1) 0 (00 . . . 0120), whose corresponding root we take to be β and we note that (β, β) = 2. The lowest weight generator is R 12 0 (12 . . . 220) and the corresponding element in the Cartan sub-algebra is
The corresponding group element is
And a line element corresponding to a string
The string is derived from a gauge potential
From this we derive a 3-form field strength, which we label F µνρ 0 .
An (n − 6) Brane We wish to find the electric brane associated with the representation R (000 . . . 001), whose corresponding root we take as β in equation (1) and we note that (β, β) = 2. The associated lowest weight generator in this representation is R 
And a line element corresponding to an (n − 6)-brane
This gives rise to an (n − 4)-form field strength, which we interpret to be the dual of F µνρ 0 .
We have have successfully reproduced all the usual BPS electric branes using the group element given in equation (1) . The formulae we have found above do indeed correspond to the solutions of the Lagrangian (62), and agree with [12] . We find our dilaton field A to be related to φ by
Very Extended F 4
The F 4 +++ Dynkin diagram is shown in Appendix B, where the solid nodes represent the gravity line with respect to which we decompose our Kac-Moody algebra. The shorter roots, enumerated as nodes 6 and 7 have (α, α) = 1 where the gravity line roots are normalised to have norm squared of two.
The F +++ 4 algebra is decomposed with respect to its A 5 sub-algebra, the simple roots whose nodes we delete are α 7 and α 6 and their generators are R 1 (0000001) and R 6 0 (0000010). We associate the levels l 1 and l 2 with these respectively. The s labels on our generators are chosen to be the l 1 level of the generator. From reference [9] we find the F 4 +++ algebra decomposed with respect to an A 5 sub-algebra contains the generators K a b at level (0,0) and the following generators at levels (l 1 , l 2 )
The generators R 0 and R 2 abcd have associated roots β such that(β, β) = 0 so we discard them as starting points for our method in this section, and R 2 abc,d , R 2 ab , R ab 0 have (β, β) = 2, the other generators all have (β, β) = 1. We make use of the following commutation relations where we have chosen the commutator coefficient for [R 0 , R a 0 ] and the rest have been deduced from equations (9)- (12) and the Serre relations (4)
The simple root generators of F 4 +++ are
and the Cartan sub-algebra generators, H a ,is given by [10] 
The low-level field content [9] isĥ a b , A, A a1 0 , A a1 1 , A a1a2 2 , A a1a2a3a4 1 and their field strengths have duals derived from A a1a2a3,b 2 , A a1a2a3a4 2 A a1a2a3 2 , A a1a2a3 1 , A a1a2 0 , A 1 , respectively, we also have an A a1a2 1 field without a dual listed above, so we treat it as a self-dual field. Our choice of local sub-algebra for the non-linear realisation allows us to write the group element of F 4 +++ as
The field content of the associated maximally oxidised theory given in [11] agrees with the low-order F +++ 4
content given above. The Lagrangian for the oxidised theory, contains two 2-form field strengths F µν 2 and F µν 1 , a 3-form field strength F µνρ 2 , a self-dual 3-form field strength F µνρ 1 , a 1-form field strength F µ 1 formed from the scalar R 1 , and the dilaton R 0 .
The reader must remember that F µνρ 1 is self-dual and it's term in the action integral vanishes. We again use the group element (1) 
And from equation (1) we find the corresponding group element is
So we find a dilaton given by
We have a gauge field given by
We change to world volume indices via the vierbein (e h )
We associate this gauge potential with a 2-form field strength, F µν 0 .
A 2-Brane We wish to find the electric brane associated with the representation R a1a2a3 2 whose highest weight generator is R 2 456 (0001232). We take this to be β in equation (1) and we note that (β, β) = 1. The lowest weight generator is R 2 123 (1233332) and the corresponding element in the Cartan sub-algebra is
Substituting this into equation (1) we find the appropriately arranged element is
And a line element corresponding to a 2-brane
The brane is derived from the gauge field given by
We conclude that R 2 456 is the generator associated with the dual of F µν 0 .
A Second Particle The calculation for the representation R a1 1 which has a highest weight generator R 6 1 is the same as that for R 6 0 except that the expansion of β · H has an extra 1 2 H 7 added on. That is,
We find a line element identical to (97) for a particle and a dilaton given by
We change to world volume indices via the vierbein (e h ) 
We associate this gauge potential with a 2-form field strength which we label F µν 1 .
A Second 2-Brane Similarly, the derivation of the electric brane associated with the highest weight generator R 456 1
is the same as that for R 2 456 but with a 1 2 H 7 taken off of expansion of the β · H expansion. That is,
And a line element corresponding to a 2-brane identical to (103). The brane is derived from the gauge field given by
We conclude that R 1 456 is the generator associated with the dual of F µν 1 .
A String We wish to find the electric brane associated with the R a1a2 2 representation whose highest weight is the generator R 2 56 (0000122), whose associated root we take to be β in equation (1) and we note that (β, β) = 2. The lowest weight generator is R 2 12 (1222222) and the corresponding element in the Cartan sub-algebra is
The corresponding group element (1) is
This gauge potential gives rise to a 3-form field strength, which we label F µνρ 2 .
A Second String Starting with with the representation R a1a2 0 whose highest weight is the generator R 56 0 (0000120) whose associated root we take for β in equation (1), noting that (β, β) = 2. The lowest weight generator in this representation is R 12 0 (1222220) which corresponds to the element in the Cartan sub-algebra given by
We conclude that this is the group element associated with the dual of F µνρ 2 .
A Gooseberry String We find the electric brane associated with the representation R a1a2 1 with highest weight generator R 56 1 (0000121), whose associated root we take for β in equation (1), noting that (β, β) = 1. The lowest weight generator in this representation is R 12 1 (1222221) and this corresponds to the Cartan sub-algebra element
Substituting this expression into equation (1) gives the corresponding element
There is no dilaton and we find a line element corresponding to a string
This gauge field is associated with a second 3-form field strength which we label, F µνρ 1 . We deduce that this field strength is self-dual as we have no more two-form generators in (88) that could produce an electric brane that would be associated with a dual to F µνρ 1 . We note that the difference in the line element for the string here and those for the other strings derived from F +++ 4
is due to the dilaton coupling constant being zero here. (0012341) whose associated root we take as β in equation (1), we note that (β, β) = 1. The lowest weight generator in this representation is R 1234 1 (1234441). This corresponds to an element in the Cartan sub-algebra given by
The group element given by equation (1) is
And a line element corresponding to a 3-brane
The associated gauge potential is
The expression is the same in world volume indices as (eĥ)
This gauge potential gives rise to a 5 form field strength and we conclude this is the dual to the one form field strength formed from R 1 ,
We have have successfully reproduced all the usual BPS electric branes using the group element given in equation (1) . The formulae we have found above do indeed correspond to the solutions of the Lagrangian (93), and agree with [12] . We find our dilaton field A to be related to φ by
Higher Level Branes
In this paper we generalised the result of [3] , namely that the group element of equation (1) encodes the usual electric BPS brane solutions of the G +++ theories at low levels. So far we have only considered the low-order field content, up to the level of the dual gravity field. We have found precise agreement with the solutions of the known actions of the oxidised theories [11] . The pp-wave for each G +++ theory is also present in the low order theory and can be found as advocated in [3] . However, as explained in [3] we can also apply equation (1) to the higher order generators of any G +++ to find putative solutions solutions to the non-linearly realised theory.
3 In this paper we do not show that these are actually solutions but the elegance of equation (1) is given in [9] (appendix B5), and we find the field A a1a2a3a4 3 at level (3, 4) . This representation has a highest weight generator R 
. Applying our method for the root β associated with this generator, for which we note that (β, β) = 1, we find a group element from (1) given by
exp(N −1
A line element corresponding to a 3-brane
This gives rise to a 5-form field strength, F µνρστ 3 . If the dual field strength were to exist we would expect it to be a 1-form formed from a scalar, which we label R −1 . Such a scalar does not appear in the field content tables of [9] and does not exist but had it done it would commute with the dilaton via
3 Actually in reference [3] one should have used the formula (1) given here to investigate the higher order brane solutions, as the root β associated with any higher order generator will generally not satisfy (β, β) = 2. Fortunately, for all but the brane associated with the generator R a 1 a 2 a 3 b 1 b 2 , the higher order solutions considered in that paper have (β, β) = 2.
As is well known, the eleven dimensional supergravity theory has a pp-wave, a 2-brane and a 5-brane whose corresponding conserved charges occur in the eleven dimensional supersymmetry algebra. This is consistent with the results of [19] which showed that each of the brane solutions had a topological charge that appeared as a central charge in the supersymmetry algebra. In reference [21] it was argued that the brane solutions of the non-linearly realised G +++ theory possessed charges which belonged to the l 1 representation of G +++ . The l 1 representation is the fundamental representation of G +++ associated with the very-extended node on the corresponding Dynkin diagram. The l 1 multiplet of charges for E +++ 8 begins with the generators of spacetime translations, P a , and then contains the 2-form and the 5-form central charges of the supersymmetry algebra at the lowest levels, as well as an infinite number of other charges in the higher orders. It was shown in [20] that the l 1 representation has the correct A n representation to be interpreted as central charges. Indeed the reader may verify this correspondence for the brane solutions found in this paper for each G , associated with the brane solution we have found in each case, including the higher level field, A a1a2a3a4 (s=3) , which we have just considered
The F
+++ 4
theory possesses an SL(2) symmetry associated with the seventh node of its Dynkin diagram, which has the generator R 1 , which gives rise to the assignment of the i, j indices above. We note that while we could not use our method to find the brane solution associated to A a1a2a3a4 (s=2) , as its generator had associated root, β, such that (β, β) = 0, we are able to deduce that its field strength is dual to a 1-form field strength formed from the dilaton, R 0 . Indeed we expect its brane solution to have a third rank tensor conserved charge, as listed above.
It is interesting to compare these with the supersymmetric central charges of the (1, 0) supersymmetry algebra
The supersymmetric generator of spacetime translations, P m , is equivalent to the conserved charge arising from the pp-wave solution corresponding to the graviton,ĥ a b , in the F +++ 4
field content. Similarly we can make an association between the central charge Z m1m2m3(ij) of the supersymmetry algebra and the conserved charges coming from brane solutions which couple to the fields A i a1a2a3a4 . The 5-form field strengths constructed from A a1a2a3a4 (s=1) and A a1a2a3a4 (s=2) are dual to the 1-form field strengths formed from the axion, R 1 , and the dilaton, R 0 , respectively, which can be seen by referring to the 3-brane solution found on page 27 and from considering the low-level content. We have just considered, above in this section, the field, A a1a2a3a4 (s=3) , whose field strength is a 5-form and its associated brane solution is also a 3-brane. Altogether we have a triplet of conserved charges coming from the non-linear realisation of F +++ 4 which are equivalent to the central charges, Z m1m2m3(ij) , of the supersymmetry algebra. Including the generators of spacetime translations, P m , the conserved charges, Z m1m2m3(ij) , of F +++ 4 account for 36 degrees of freedom which is compatible with the anticommutator of the two Sp(2) Majorana-Weyl spinors, Q i α .
In this paper we have constructed branes, even at a lower level than those mentioned above, whose conserved charges in the above table are not present amongst the supersymmetry algebra's central charges; charges such as Z i and the part of Z a1(ij) triplet associated with the so-called "gooseberry string", listed in our analysis of F +++ 4 on page 26. Indeed we can carry on and consider the brane solutions associated with the infinite number of higher-order fields in F +++ 4 , or any G +++ , and find a conserved charge for each one. We therefore find that the central charges in the supersymmetry algebra only account for a few of the brane charges, all of which belong to the l 1 representation.
A The Electric Branes of E +++ 6 , E +++ 7 and G +++ 2
A.1 Very Extended E 6
The Dynkin diagram for E +++ 6 is given in Appendix B. The E +++ 6 algebra may only be uniquely decomposed with respect to an A 7 gravity line, giving an 8-dimensional theory. The simple roots that we eliminate are α 9 and α 8 whose corresponding generators are R 1 (00 . . . 001) and R 678 0 (00 . . . 010) and we associate the levels l 1 and l 2 with these respectively. The s labels on our generators are chosen to be the l 1 level of the generator. The alternative decomposition along the other branch of the Dynkin diagram is related to the first decomposition via an automorphism.
From reference [9] we find the remaining algebra contains the generators K a b
at level (0,0) and the following generators at up to level (1,2)
All the generators have (β, β) = 2, where β is the associated root for the generator, with the exceptions of R 0 and R a1...a6 1 which have (β, β) = 0 and so will not be used as starting points for finding electric branes.
We make use of the following commutator relations where we have chosen the commutator coefficient for [R 0 , R 1 ] and the others have followed from equations (9)-(12) and the Serre relations (4)
The simple root generators of E
The low-level field content [9] isĥ a b , A, A a1a2a3 0 , A a1...a6 0 and their field strengths have duals derived from A a1...a5,b 1 , A a1...a6 1 , A a1a2a3 1 , A 1 , respectively. Our choice of local sub-algebra for the non-linear realisation allows us to write the group element of E
The field content of the associated maximally oxidised theory given in [11] agrees with the low-order E +++ 6
content given above. The Lagrangian for the oxidised theory, contains contains a graviton, φ, a 4-form field strength, F µνρσ 0 , a 1-form field strength, F µ 1 and a dilaton R 0 and is given by
Using the group element (1) we find the following electric branes A 2-Brane Let us find the electric brane associated with the representation R a1a2a3 0 whose highest weight generator is R 678 0 (00 . . . 010), whose associated root we take as β in equation (1) . The lowest weight generator in this representation is R 123 0 (123 . . . 32110) and the associated Cartan sub-algebra element is
Bearing in mind that (β, β) = 2, we find that the group element (1) is
We have a dilaton given by
The change to world volume indices is made using (eĥ)
This gauge potential gives rise to a 4-form field strength, F µνρσ 0 .
A Second 2-Brane Let us find the brane associated with the representation R a1 1 whose highest weight generator is R 678 1 (00 . . . 011), whose associated root we take for β in equation (1) . The lowest weight generator in this representation is R 123 1 (123 . . . 32111) and the corresponding element in the Cartan sub-algebra is identical to that for R 123 0 but with 2R 0 taken off, that is,
We find that the group element of equation (1) is
This gives rise to a 4-form field strength, which we conclude is the dual to F µνρσ 0 .
A 5-Brane Let us find the electric brane associated with the representation R a1a2...a6 0 which has highest weight generator R 345678 0 (001232120), whose associated root we take as β in equation (1) . The lowest weight generator in this representation is R 123456 0 (123454220) and the corresponding element in the Cartan sub-algebra is
The group element (1) is
We have a dilaton given by e A = N 
This gauge potential gives rise to a 7-form field strength, which we conclude is the dual to the 1 form F µ 1 = ∂ µ R 1 .
We have have successfully reproduced all the usual BPS electric branes using the group element given in equation (1) . The formulae we have found above do indeed correspond to the solutions of the Lagrangian (150), and agree with [12] . We find our dilaton field A to be related to φ by
A.2 Very Extended E 7 -The 10-dimensional theory
The E +++ 7
algebra may be decomposed with respect to an A 9 gravity line, giving a 10-dimensional theory or equally with respect to its A 7 gravity line to give an 8-dimensional theory. We consider the 10-dimensional theory here.
The simple root whose node we delete is α 10 and has generator R 78910 (00 . . . 001) and we associate the level l with it. Our s labels are all zero, as we eliminate only one simple root, and are discarded in this section. From reference [9] we find the E 7 +++ algebra decomposed with respect to an A 9 sub-algebra contains the generators K We note that the generator R a1...a8 has associated root β such that (β, β) = 0 so we discard this as a starting point for finding an electric brane, all the other generators have (β, β) = 2. The simple root generators of E 
The low-level field content [9] isĥ a b , and its field strength has a dual derived from A a1...a7,b , we also have fields A a1a2a3a4 , A a1...a8 which are not related to each other by a duality condition and we take them to be self-dual in our low order theory. Our choice of local sub-algebra for the non-linear realisation allows us to write the group element of E 
We now write down the group element from equation (1) g A = exp(− 
We complete the change to world volume indices using (eĥ) 
This gives rise to a 5-form field strength,F µνρστ which we conclude is self-dual, as there are no other other generators in (170) from which we could derive a dual field strength.
A.3 Very Extended G 2
The Dynkin diagram for G 2 +++ is shown in Appendix B, with the darkened nodes indicating the gravity line we consider here. The G 2 +++ algebra is decomposed with respect to the A 4 sub-algebra of the gravity line where the deleted node corresponds to simple root is α 5 whose generator is R 5 (00001), to which our decomposition level, l, is associated. Again we have no need for the s labels as they are all zero, so we discard them in this section. Reference [9] gives the generators at low levels, we find the K a b at the zeroth level corresponding to the gravity line step operators and we have the following other generators up to level 3, and notably no dilaton generator,
3 R ab,c
R abc
The generators R a , R ab and R ab,c each have an associated root β such that (β, β) = 2 3 but R abc has (β, β) = 0 so we shall discard it as a starting point for our method of finding electric branes.
The simple root generators of G 2 +++ are
and the Cartan sub-algebra generators, H a , are given by 
The low-level field content [9] isĥ a b , A a1 and their field strengths have duals derived from A a1a2,b , A a1a2 , respectively. We also find the field A a1a2a3 which is not related to any of the other fields by a duality condition and we take it to be self-dual in our low order theory. Our choice of local sub-algebra for the non-linear realisation allows us to write the group element of G 
The field content of the associated maximally oxidised theory given in [11] agrees with the low-order G +++ 2 content given above. The Lagrangian for the oxidised theory, contains contains a graviton, φ, and contains one dualised 2-form field strength, * F µν , and is given by
We find the following electric branes of G +++ 2 via our group element (1) A Particle We find the highest weight generator associated with the representation R a1 is R 5 (00001), whose associated root we take for β in equation (1) , noting that (β, β) = 
